Abstract. Assume that Ω ⊂ R n is a bounded domain and its boundary ∂Ω is m-regular, n − 1 ≤ m < n. We show that if there exists a bounded trace operator T : 
Introduction
We say that a domain Ω ⊂ R n is a W 1,p -extension domain if there exists a bounded linear extension operator E : W 1,p (Ω) → W 1,p (R n ), so that Eu| Ω = u for every u ∈ W 1,p (Ω). From a philosophical point of view, when we extend a function it does not matter how irregular the function is inside the domain as long as it is smooth enough near the boundary. Thus it is natural to try to characterize the extension property by traces.
A. Jonsson showed that a trace of a Sobolev function u ∈ W 1,p (R n ) in an mregular F ⊂ R n , 0 < m < n, belongs to a Besov space B 
we show that the domain Ω is a W 1,p -extension domain.
Jonsson's theorem implies the following result. Assume that Ω ⊂ R n is a bounded W 1,p -extension domain and its boundary ∂Ω is m-regular, n − 1 ≤ m < n. Then there exists a bounded trace operator
We obtain a characterization for Sobolev extension domains. Assume that Ω ⊂ R n is a bounded domain and its boundary ∂Ω is m-regular, n − 1 ≤ m < n. Then the following two conditions are equivalent for every p, n − 1 < p < ∞:
(1) The domain Ω is a W 1,p -extension domain. (2) There exists a bounded linear trace operator
∂Ω and Lipschitz continuous functions are dense in W 1,p (Ω).
Notation and preliminaries
Throughout this paper C will denote a constant which may change even in a single string of an estimate. We let Ω be a domain of Euclidean n-space
By an open ball centered at x and with radius r > 0 we mean the set B n (x, r) = {y ∈ R n : |y − x| < r}. By an open cube we mean the set Q(x, r) = {y ∈ R n : max j=1,..,n |y j − x j | < r}, and we write kQ for the cube with the same center as Q and dilated by a factor k > 0. We let diam(A) = sup{|x − y| : x, y ∈ A} denote the diameter of a set A. The boundary of a domain Ω is denoted by ∂Ω. Let |A| be the Lebesgue n-measure of a set A. Let H m be the m-dimensional Hausdorff measure. We write u ≈ v if there exists a constant C ≥ 1 so that
we denote the integral average of the function u over the set A with |A| > 0.
We say that a bounded set F ⊂ R n is m-regular, 0 < m ≤ n, if there exists a constant C > 0 so that
for every x ∈ F and every r, 0 < r ≤ diam(F ). A typical example of an m-regular set is the boundary of Koch's snowflake domain with m = ln 4 ln 3 . For more details about m-regular sets we refer to [6, Chapter II] .
By C(A) we denote the set of continuous functions in a set A. By C 0,λ (A), 0 < λ ≤ 1, we denote the set of λ-Hölder continuous functions u ∈ C 0,λ (A) if there exists a constant C > 0 so that
we denote the class of all functions whose first weak partial derivatives belong to
, where ∇u is the weak gradient.
. These spaces were defined by P. Haj lasz, [1] .
Let
The Besov space is equipped with the norm 
such that Eu| Ω = u and a constant C > 0, so that
for every u ∈ W 1,p (Ω).
Extension operator
First we construct an extension operator. Let Ω ⊂ R n be a bounded domain and let its boundary ∂Ω be m-regular, n − 1 ≤ m < n. In this chapter we assume there exists a bounded trace operator T :
Let W be the family of those cubes Q i ∈ W 0 , for which diam(Q i ) < min{a, diam(Ω)} for every i. Here 0 < a ≤ 1 is a constant which we will fix in the proof of Lemma 3.4. We will write that W = Q∈W Q. Let (φ i ) be a partition of unity corresponding to the collection
where
We define an extension operator E :
Note that the extension operator is the same for every p. It is also easy to see that Eu ∈ C ∞ (R n \Ω) and Eu is zero in the complement of
where z i is the center of the cube Q i ∈ W 0 , r i = diam(Q i ) and C > 0 is a constant.
Lemma. Let 1 < p < ∞. Assume that Ω ⊂ R n is a bounded domain and its boundary ∂Ω is m-regular, n − 1 ≤ m < n. If there exists a bounded trace operator
Proof. Let x ∈ 9 8 Q 0 for some Q 0 ∈ W. Hence we obtain
where the supremum is taken over all those cubes Q i ∈ W for which
Here C > 0 is a constant so that B n (x i , r i ) ⊂ B n (x 0 , Cr 0 ) for every i, 
. The second-to-last inequality follows from the fact that no point belongs to more than
Assume that the point x belongs to the balls
. ., and interiors of Whitney cubes are disjoint, we obtain that the point x cannot belong to more than
There exists a bounded trace operator, and hence we obtain
This completes the proof of Lemma 3.2.
3.4. Lemma. Let 1 < p < ∞. Assume that Ω ⊂ R n is a bounded domain and its boundary ∂Ω is m-regular, n − 1 ≤ m < n. If there exists a bounded trace operator
Proof. If Q i and Q 0 are two Whitney cubes from W, with
We obtain for these cubes Q i and Q 0 that
The constant C does not depend on the cube Q 0 . Assume that Q j ∈ W is a Whitney cube from the k th generation; then r j ≈ 2 −k . Let x ∈ Q j . This implies that
We write W = Q∈W Q. This implies
Every point x ∈ ∂Ω belongs only to a uniformly bounded number of balls B n (x j , r j ) from the k th generation in the Whitney decomposition. This yields
Note that W is a collection of Whitney cubes Q ∈ W 0 with diam(Q) ≤ min{a, diam(Ω)}.
We choose that a is small enough to guarantee that C2 −k 0 < 1. By [5, Lemma 5.3, p. 166] we obtain (3.5)
N be the largest generation of the Whitney cubes belonging to W.
Here the supremum is taken over all cubes
Since no point in ∂Ω belongs to more than C(n) balls B n (x i , Cr 0 ) we obtain
In R n \ (Ω ∪ W ∪ A) the function Eu is zero. Since there exists a bounded trace operator we obtain by (3.5) and (3.6) that
This completes the proof of Lemma 3.4.
The extension of u ∈ W 1,p (Ω) is a C ∞ -function in R n \Ω. We are left to prove that the weak gradient of Eu exists across the boundary. Lemma 3.7 follows easily from the construction of the extension operator.
3.7. Lemma. Let 1 < p < ∞ and 0 < λ ≤ 1. Assume that Ω ⊂ R n is a bounded domain and there exists a trace operator T to the boundary ∂Ω so that T u = u| ∂Ω for every u ∈ W 1,p (Ω) ∩ C(Ω). If u ∈ W 1,p (Ω) ∩ C 0,λ (Ω), then Eu ∈ C 0,λ (R n ).
The following result is due to Haj lasz and Martio, [2, Lemma 11, p. 237]: If a compact set K ⊂ R n satisfies H n−λ (K) = 0, where 0 ≤ λ < 1, then for every p,
Since ∂Ω is m-regular, H n−λ (∂Ω) = 0 for every λ, 0 ≤ λ < n − m, the general case follows by Lemmata 3.2, 3.4 and 3.7 when we assume that W 1,p (Ω)∩C 0,1−λ (Ω) is dense in W 1,p (Ω) for some λ, 0 ≤ λ < n − m. 
